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Goal of this Talk 
Composite Particle Theories (composite boson/fermion) are  
 
 (1) successful in describing ground state properties and excitations of FQHEs  
 

𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  1
4𝜋𝜋

 𝑲𝑲𝑰𝑰𝑰𝑰𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝐽𝐽𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  1
2𝜋𝜋
𝒒𝒒𝑰𝑰𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + ⋯    

(2) Generating Wen’s hydrodynamic theory with the correct (K, q)  

(3) But fail to predict ``spin 𝑆𝑆𝐽𝐽” (necessary for geometric responses of FQH states) 
 
     More precisely, composite particle theories fail to capture :  
 

     Wen-Zee term and Hall Viscosity  

Can we correct composite particle theories to derive the terms? 



Before jumping into the details..  



0. Review : Hydrodynamic Theory 

𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  1
4𝜋𝜋

 𝑲𝑲𝑰𝑰𝑰𝑰𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝐽𝐽𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  1
2𝜋𝜋
𝒒𝒒𝑰𝑰𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + ⋯    

Ref. Wen’s textbook or Fradkin’s textbook 

(3) 𝐾𝐾𝐼𝐼𝐽𝐽 ∈ 𝑍𝑍, integer matrix, (encoding topological information) 
 
       ex, GS degeneracy on genus-g manifold det𝐾𝐾𝐼𝐼𝐽𝐽

𝑔𝑔
  

       ex, statistical angle of 𝑙𝑙1 and 𝑙𝑙2 is 𝜃𝜃12 =  2𝜋𝜋 𝑙𝑙1𝑇𝑇 𝐾𝐾−1 𝑙𝑙2 

(2) 𝑏𝑏𝐼𝐼𝜇𝜇, hydrodynamic gauge field, quasi-particle current:  𝐽𝐽𝐼𝐼𝜇𝜇 = 1
2𝜋𝜋

 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 𝜕𝜕𝜈𝜈𝑏𝑏𝐼𝐼𝜇𝜇 

(1) 𝛿𝛿𝐴𝐴𝜇𝜇, external probe EM gauge field 

(4) 𝑞𝑞𝐼𝐼 ∈ 𝑍𝑍, integer vector, charge vector  
 
 
   = EM Hall response 𝐿𝐿 = 𝑞𝑞𝑇𝑇𝐾𝐾−1 𝑞𝑞 × 1

4𝜋𝜋
 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 𝛿𝛿𝐴𝐴𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 by integrating out 𝑏𝑏𝐼𝐼𝜇𝜇  
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Part 1. Geometric Response of FQHE 
Imagine that the lattice is distorted & fluctuating  
                                             
                                                     and electrons are on top of the lattice…  

e 

e 

e 

e 

e 

e e 

e 
e 

Interesting Physics? 



Interesting Physics? 

1. Wen-Zee term  
 
 

2. Hall Viscosity 



Wen-Zee term : QH fluids see the curvature as ``magnetic flux’’ 
(1) QH fluids collects electric charge at the magnetic flux 

Imagine :  
Quantum Hall fluid 

Magnetic field 

Induced 𝑬𝑬 field! (𝜕𝜕𝑡𝑡𝐵𝐵 = 𝛻𝛻 × 𝐸𝐸 ) 

Electric current 

Thus quantum Hall fluids accumulate the charge at the magnetic flux ! 

(2) On the space with curvature… 

Collects or depletes charge  
 
when the curvature is present 

Wen-Zee 1992 



Wen-Zee term 
Wen & Zee supplemented a phenomenological term into the hydrodynamic theory  

 with the spin vector 𝑺𝑺𝑰𝑰 

𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  1
4𝜋𝜋

 𝐾𝐾𝐼𝐼𝐽𝐽𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝐽𝐽𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  𝑞𝑞𝐼𝐼𝐽𝐽𝐼𝐼𝜇𝜇𝛿𝛿𝐴𝐴
𝜇𝜇 + 𝑠𝑠𝐼𝐼𝐽𝐽𝐼𝐼𝜇𝜇𝜔𝜔

𝜇𝜇 ⋯    

the conserved particle current 𝐽𝐽𝜇𝜇𝐼𝐼 = 1
2𝜋𝜋

 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 𝜕𝜕𝜈𝜈 𝑏𝑏𝐼𝐼𝜇𝜇 

Gauge field 𝛿𝛿𝐴𝐴𝜇𝜇 and spin connection 𝜔𝜔𝜇𝜇 couples in the same way to 𝐽𝐽𝜇𝜇 

𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  1
4𝜋𝜋

 𝐾𝐾𝐼𝐼𝐽𝐽𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝐽𝐽𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  1
2𝜋𝜋
𝑞𝑞𝐼𝐼𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + 𝑺𝑺𝑰𝑰

𝟐𝟐𝟐𝟐
𝒃𝒃𝑰𝑰𝝁𝝁𝝏𝝏𝝂𝝂𝝎𝝎𝝀𝝀 𝝐𝝐𝝁𝝁𝝂𝝂𝝀𝝀 ⋯    

Here 𝜔𝜔𝜇𝜇 = spin connection describing curvature of the background geometry 

i.e., Local curvature = 𝛻𝛻 × 𝜔𝜔 (similar to local magnetic field B =  𝛻𝛻 × 𝐴𝐴) 

(remember that 𝐽𝐽𝜇𝜇𝐼𝐼 = 1
2𝜋𝜋

 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 𝜕𝜕𝜈𝜈 𝑏𝑏𝐼𝐼𝜇𝜇) 

Wen-Zee 1992 

As the magnetic field accumulates the electric charge,  
                                             
                                       the curvature accumulates the electric charge.   



Examples :  
𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  1

4𝜋𝜋
 𝐾𝐾𝐼𝐼𝐽𝐽𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝐽𝐽𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  1

2𝜋𝜋
𝑞𝑞𝐼𝐼𝑏𝑏𝐼𝐼𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + 𝑺𝑺𝑰𝑰

𝟐𝟐𝟐𝟐
𝒃𝒃𝑰𝑰𝝁𝝁𝝏𝝏𝝂𝝂𝝎𝝎𝝀𝝀 𝝐𝝐𝝁𝝁𝝂𝝂𝝀𝝀 ⋯    

(1) Laughlin state at 𝜈𝜈 = 1
2𝑝𝑝+1

 : 𝐾𝐾 = 2𝑝𝑝 + 1 and 𝑞𝑞 = 1 and 𝑆𝑆 = 2𝑝𝑝+1
2

 

(2) Bilayer state : 𝐾𝐾 = (2𝑝𝑝 + 1 𝑛𝑛
𝑛𝑛 2𝑘𝑘 + 1) and 𝑞𝑞 = 1,1 𝑇𝑇 and 𝑆𝑆 = (2𝑝𝑝+1

2
, 2𝑘𝑘+1

2
) 

How do we derive 𝑺𝑺𝑰𝑰 (spin vector) for a general FQH states?   

involves (conceptually) complicated calculations  
                                           on the model wave functions of FQHE..    

1. Is there a more systematic and intuitive way to derive 𝑆𝑆𝐼𝐼 for general QH states?  

2. How robust 𝑆𝑆𝐼𝐼 is for general QH states, e.g., under interaction ?  
 
   e.g., 𝜎𝜎𝑥𝑥𝑥𝑥 is topological and independent of microscopic details  

Wen-Zee 1992 Wen 1995, Wen 2012 



Interesting Physics? 

1. Wen-Zee term  
 
 

2. Hall Viscosity 



Hall viscosity : force perpendicular to fluid motion 

Conventional fluid :  
 
frictional force ∥ the motion  

Quantum Hall fluid :  
 
force ⊥ the motion 
 
(force ⋅ fluid motion = 0 i.e. dissipationless)   

(Avron-Seiler-Zograf 1995, Read 2009, Haldane 2009, Read-Rezayi 2011, Bradlyn-Goldstein-Read 2012, 
Abanov-Gromov 2014, Hughes-Leigh-Parrikar 2012, 2014, and many others…) 

(Pictures from Hughes-Leigh-Parrikar) 



In the language of field theory.. 

Deform the background metric 𝑔𝑔𝑖𝑖𝑖𝑖 =
1 + 𝛿𝛿𝑔𝑔𝑥𝑥𝑥𝑥 𝛿𝛿𝑔𝑔𝑥𝑥𝑥𝑥
𝛿𝛿𝑔𝑔𝑥𝑥𝑥𝑥 1 − 𝛿𝛿𝑔𝑔𝑥𝑥𝑥𝑥

 with |𝛿𝛿𝑔𝑔| ≪ 1 

The Hall viscosity is captured by the term  
 
  
 
 
In which 𝜔𝜔𝑡𝑡 = 1

2
 𝜖𝜖𝑖𝑖𝑘𝑘 𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖𝜕𝜕𝑡𝑡𝛿𝛿𝑔𝑔𝑖𝑖𝑘𝑘 is the time component of spin connection 𝜔𝜔𝜇𝜇  

            𝑺𝑺� is again the spin entering into Wen-Zee term    

𝑳𝑳 = 𝟐𝟐𝜼𝜼𝑯𝑯𝝎𝝎𝒕𝒕 = 𝝆𝝆 �𝑺𝑺� 𝝎𝝎𝒕𝒕  

the Hall viscosity 𝜂𝜂𝐻𝐻 is quantized (though dimensionful!) 

e.g. 𝜂𝜂𝐻𝐻 = 𝜌𝜌
2
�  𝑆𝑆  for Laughlin state with the spin 𝑆𝑆 = 2𝑝𝑝+ 1

2
 

e.g. 𝜂𝜂𝐻𝐻 = ∑ �̅�𝜌𝑎𝑎 𝑆𝑆
𝑎𝑎

2
  for multicomponent abelian state 

Again involves complicated calculations (at least for me..) 
                                                on the model wave functions of FQHE..    

(Read 2009, Read-Rezayi 2011, Haldane 2009, Abanov-Gromov 2014, Bradlyn-Goldstein-Read 2012, Avron-
Seiler-Zograf 1995, and many others…) 



The FQH states have the responses… 

1. Wen-Zee term 𝑳𝑳 =  𝑺𝑺𝑰𝑰
𝟐𝟐𝟐𝟐
𝒃𝒃𝑰𝑰𝝁𝝁𝝏𝝏𝝂𝝂𝝎𝝎𝝀𝝀 𝝐𝝐𝝁𝝁𝝂𝝂𝝀𝝀  coupling current to curvature  

2. Hall viscosity 𝑳𝑳 = 𝟐𝟐𝜼𝜼𝑯𝑯𝝎𝝎𝒕𝒕 = 𝑺𝑺� 𝝆𝝆� 𝝎𝝎𝒕𝒕   

Both the terms…  
 
(1) Claimed to be quantized (if the rotational symmetry is present) 

 
(2) Involves the quantity called spin vector 𝑆𝑆𝐼𝐼  

   (necessary for complete classification of abelian Top. Orders) 
 

(3) Involves the spin connection 𝜔𝜔𝜇𝜇  
 

(4) Need complicated calculations using the model wave functions  
   to obtain the quantities  



Can composite particle theories 
 

derive the response? 

So far, it has never been derived from field theoretic methods..  

In fact, the naïve composite particle approaches fail… 
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In this talk, we concentrate on  
 

composite boson theory  



e.g. Composite Boson Theory at 𝝂𝝂 = 𝟏𝟏
𝟑𝟑
  

e 
e 

e 
e 

b = e = electron with three fluxes 
= composite boson/no flux  

b 

b 

b 
b 

b 

Boson in the absence of flux will condense (BEC)!  

FQHE is the superfluid of the composite boson! 

(Reviews: Zhang 1992, Wen 1992, 1995) 



Composite Boson theory 1. 

𝐿𝐿 = 𝑔𝑔 Ψ∗𝑖𝑖𝑖𝑖0 Ψ + 1
2𝑚𝑚

 𝑖𝑖𝑖𝑖  Ψ ∗  𝑔𝑔𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖Ψ     with 𝑖𝑖𝜇𝜇 = 𝜕𝜕𝜇𝜇 + 𝑖𝑖𝐴𝐴𝜇𝜇 

Electron Ψ in a uniform magnetic field (with 𝑔𝑔𝑖𝑖𝑖𝑖 = 𝛿𝛿𝑖𝑖𝑖𝑖 for a flat space) 

flux attachment via Chern-Simons term 

𝐿𝐿 = 𝑔𝑔 Ψ∗𝑖𝑖𝑖𝑖0 Ψ + 1
2𝑚𝑚

 𝑖𝑖𝑖𝑖  Ψ ∗  𝑔𝑔𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖Ψ  + 1
4𝜋𝜋×3

 𝑎𝑎𝜇𝜇𝜕𝜕𝜈𝜈𝑎𝑎𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇   
                                                                             with 𝑖𝑖𝜇𝜇 = 𝜕𝜕𝜇𝜇 + 𝑖𝑖𝐴𝐴𝜇𝜇 + 𝑖𝑖𝑎𝑎𝜇𝜇 

attaching three flux  
quantum to electron 

Now Ψ is a composite boson field 

Notice : �̅�𝐴𝑖𝑖 + 𝑎𝑎�𝑖𝑖 = 0 in which �̅�𝐴𝑖𝑖 is the constant for uniform B field 

Only the probe part 𝛿𝛿𝐴𝐴𝜇𝜇 of 𝐴𝐴𝜇𝜇 = �̅�𝐴𝜇𝜇 + 𝛿𝛿𝐴𝐴𝜇𝜇    
and fluctuating part 𝛿𝛿𝑎𝑎𝜇𝜇 of 𝑎𝑎𝜇𝜇 = 𝑎𝑎�𝜇𝜇 + 𝛿𝛿𝑎𝑎𝜇𝜇 are left in covariant derivative  

𝐿𝐿 = 𝑔𝑔 Ψ∗𝑖𝑖𝑖𝑖0 Ψ + 1
2𝑚𝑚

 𝑖𝑖𝑖𝑖  Ψ ∗  𝑔𝑔𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖Ψ  + 1
4𝜋𝜋×3

 𝛿𝛿𝑎𝑎𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝑎𝑎𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇   
                                                                             with 𝑖𝑖𝜇𝜇 = 𝜕𝜕𝜇𝜇 + 𝑖𝑖𝛿𝛿𝐴𝐴𝜇𝜇 + 𝑖𝑖𝛿𝛿𝑎𝑎𝜇𝜇 

(SC. Zhang 1992, XG Wen 1992, 1995) 



Composite Boson theory 2. 

𝐿𝐿 = 𝑔𝑔 Ψ∗𝑖𝑖𝑖𝑖0 Ψ + 1
2𝑚𝑚

 𝑖𝑖𝑖𝑖  Ψ ∗  𝑔𝑔𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖Ψ  + 𝑔𝑔
4𝜋𝜋×3

 𝛿𝛿𝑎𝑎𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝑎𝑎𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇   
                                                                             with 𝑖𝑖𝜇𝜇 = 𝜕𝜕𝜇𝜇 + 𝑖𝑖𝛿𝛿𝐴𝐴𝜇𝜇 + 𝑖𝑖𝛿𝛿𝑎𝑎𝜇𝜇 

Boson condenses! Ψ = �̅�𝜌 + 𝛿𝛿𝜌𝜌
1
2 𝑒𝑒𝑖𝑖 𝜃𝜃 with �̅�𝜌 = Ψ∗ Ψ (average electron density) 

Now we prepare for the standard duality of boson in various textbooks…  

Write out the theory in terms of 𝛿𝛿𝜌𝜌 and 𝜃𝜃 in the lowest orders  
 
and then integrate out 𝜃𝜃 (performing the duality)  

𝐿𝐿 = 𝑔𝑔  �̅�𝜌 𝛿𝛿𝐴𝐴0 +
1
2𝜋𝜋

𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 𝛿𝛿𝑎𝑎𝜇𝜇 + 𝛿𝛿𝐴𝐴𝜇𝜇 𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇 +
1
12𝜋𝜋

𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇𝛿𝛿𝑎𝑎𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝑎𝑎𝜇𝜇 + ⋯  

 with 𝐽𝐽𝜇𝜇 = 1
2𝜋𝜋

 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇 as the electron current  Charging energy 

 coupling of gauge to current ∼ 𝐽𝐽𝜇𝜇(𝛿𝛿𝐴𝐴𝜇𝜇+𝛿𝛿𝑎𝑎𝜇𝜇) 

(SC. Zhang 1992, XG Wen 1992, 1995) 



Composite Boson theory 3. 
𝐿𝐿 = 𝑔𝑔  �̅�𝜌 𝛿𝛿𝐴𝐴0 +

1
2𝜋𝜋

𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 𝛿𝛿𝑎𝑎𝜇𝜇 + 𝛿𝛿𝐴𝐴𝜇𝜇 𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇 +
1
12𝜋𝜋

𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇𝛿𝛿𝑎𝑎𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝑎𝑎𝜇𝜇 + ⋯  

 with 𝐽𝐽𝜇𝜇 = 1
2𝜋𝜋

 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇 as the electron current  

Now we integrate out 𝛿𝛿𝑎𝑎𝜇𝜇 and expand for small 𝛿𝛿𝑔𝑔𝑖𝑖𝑖𝑖 = 𝑔𝑔𝑖𝑖𝑖𝑖  − 𝛿𝛿𝑖𝑖𝑖𝑖 

Thus flux attachment (combined with Chern-Simons term) produces …   
 

1. Correct Hall Conductivity 𝜎𝜎𝑥𝑥𝑥𝑥 = 𝑒𝑒2

3ℎ
 (after integrating out 𝑏𝑏𝜇𝜇) and 𝜎𝜎𝑥𝑥𝑥𝑥 = 0  

 

𝐿𝐿 =
𝜀𝜀𝜇𝜇𝜈𝜈𝜇𝜇

12𝜋𝜋
 𝛿𝛿𝐴𝐴𝜇𝜇 𝜕𝜕𝜈𝜈 𝛿𝛿𝐴𝐴𝜇𝜇 

 
2. Ground state degeneracy on non-trivial manifolds (e.g. here 3𝑔𝑔 ) 
3. Excitation Spectrum (not only the ground state properties) 

𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  𝟑𝟑
4𝜋𝜋
𝑏𝑏𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  1

2𝜋𝜋
 𝑏𝑏𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + ⋯    

 = We end up with Wen’s famous hydrodynamic descriptions of FQHE !  

(Zhang 1992, XG Wen 1992, 1995) 



Composite Boson theory  
 
 

                   is a very successful theory for a FQH state  
 
 

in that it captures,  
 
 - Ground state/topological properties  
 
 - Excitations  



Failure of composite particle theories? 

𝐿𝐿 = 𝑔𝑔 Ψ∗𝑖𝑖𝑖𝑖0 Ψ + 1
2𝑚𝑚

 𝑖𝑖𝑖𝑖  Ψ ∗  𝑔𝑔𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖Ψ  + 1
4𝜋𝜋×3

 𝑎𝑎𝜇𝜇𝜕𝜕𝜈𝜈𝑎𝑎𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇   
                                                                             with 𝑖𝑖𝜇𝜇 = 𝜕𝜕𝜇𝜇 + 𝑖𝑖𝐴𝐴𝜇𝜇 + 𝑖𝑖𝑎𝑎𝜇𝜇 

We have started with the boson in arbitrary metric 𝑔𝑔𝑖𝑖𝑖𝑖   

Ended up with the hydrodynamic theory :  

𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  3
4𝜋𝜋
𝑏𝑏𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  1

2𝜋𝜋
 𝑏𝑏𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + ⋯    

We notice that  
 
(1) There is no Wen-Zee term   𝑳𝑳 =  𝑺𝑺𝑰𝑰

𝟐𝟐𝟐𝟐
𝒃𝒃𝑰𝑰𝝁𝝁𝝏𝝏𝝂𝝂𝝎𝝎𝝀𝝀 𝝐𝝐𝝁𝝁𝝂𝝂𝝀𝝀  

  
(2) There is no Hall viscosity term  𝑳𝑳 = 𝝆𝝆� 𝑺𝑺 𝝎𝝎𝒕𝒕 

Failure of CB ?  



Composite particle theories fail? 

In fact, one can show that composite fermion theory also  
 
                           fails to capture the geometric responses 
 

We revisit the very beginning of the composite particle theories,  
 

                         i.e., flux attachment  

Does flux attachment change only the statistics?  

No. It also changes the spin of the particle and  
           make the particle coupled with the spin connection. 

Want to correct this situation..  



Contents 
1. Geometric Responses of Abelian and Non-abelian FQHEs   

 
= Hall viscosity, Wen-Zee term, and Gravitational Chern-Simons term 
 

2. Puzzles in naïve composite particle theories  
 
= Failure of naïve composite particle theories  
                                    to capture the geometric responses 
 
 
 

3. Revisiting Flux attachment and composite particle theories  
 
= correcting flux attachment in curved space  
 

4. Projective Parton Approaches 



Revisiting flux attachment 1. 
Start with flux attachment and Chern-Simons theory in curved space 

Propagate the particle in Σ2 × 𝑅𝑅  
 
 
 
 
ref. Hansson-Rocek-Zahed-Zhang 88,  
     Polaykov 88, Tze 88, 
     Grundberg-Hansson-Karlhede-Lindstrom 89 
     Witten 89 etc.   

t 

Σ2 
The amplitude of the process is 
 
 

L = linking number, always integer 
T = torsion 
𝜃𝜃𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡 =  𝜋𝜋

𝑘𝑘
  

This is what we concentrate 



Revisiting flux attachment 2. 

And the torsion is                                                 = how much �̂�𝑒2 rotates..  

t 

Σ2 

�̂�𝑒1 

�̂�𝑒2 

𝐸𝐸�1 

𝐸𝐸�2 

𝐸𝐸�3 

Parameterize the frame of the curve (�̂�𝑒1, �̂�𝑒2, �̂�𝑒3)  
 
by the frame of spacetime (𝐸𝐸�1,𝐸𝐸�2,𝐸𝐸�3) satisfying  
 
  

Want to see the effect of curvature of Σ2 

Then  
 
after some straightforward algebra 



Revisiting flux attachment 3. 
We can show (for the adiabatic limit, i.e., the slope of the curve is nearly infinity)  

Spin connection of background geometry 

By plugging this back to the expression :  

 in which we have identified 𝑆𝑆𝑧𝑧 = 𝜃𝜃𝑠𝑠𝑠𝑠𝑎𝑎𝑠𝑠
2𝜋𝜋

 (induced spin by flux attachment) 

Thus the composite particles’ covariant derivative :  

New piece!  
missing  
from 1992!  



Revisiting flux attachment 5. 
In summary :  

1. Flux attachment accompanies ``induced spin’’ to the composite particle  

2. ``induced spin’’ is determined by # of flux we attach S𝑧𝑧 =
𝑁𝑁𝜙𝜙0
2

  

 

   (statistical angle 𝜃𝜃𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡 = 𝜋𝜋𝜋𝜋𝜙𝜙0 →   𝑆𝑆𝑧𝑧 = 𝜃𝜃𝑠𝑠𝑠𝑠𝑎𝑎𝑠𝑠
2𝜋𝜋

=
𝑁𝑁𝜙𝜙0
2

 , spin-statistics connection) 

 
    = sometimes called as ``topological spin’’    

3. ``induced spin’’ of the composite particle couples to the spin connection  
 
    of the background geometry! (Though the particle is seemingly scalar!)    

4. This manifests in the covariant derivative  



With the correct covariant derivatives.. 
 
 

We revisit CB analysis 



Again, CB theory 1. 

With  

Go back to Laughlin state at 𝜈𝜈 = 1
2𝑝𝑝+1

 
Flux attachment 

Induced spin  

Charging  
energy 

Terms we obtained before 
Wen-Zee term  
 with the spin 2𝑝𝑝+1

2
  Hall viscosity term 

 with the spin 2𝑝𝑝+1
2

  

Reproduce all the geometric responses with correctly quantized values !  

𝐿𝐿 = �̅�𝜌𝛿𝛿𝐴𝐴0 −  2𝑝𝑝+1
4𝜋𝜋

𝑏𝑏𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 +  1
2𝜋𝜋

 𝑏𝑏𝜇𝜇𝜕𝜕𝜈𝜈𝛿𝛿𝐴𝐴𝜇𝜇 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + ⋯    

Previously, without the induced spin, covariant derivative was 𝑖𝑖𝜇𝜇 = 𝜕𝜕𝜇𝜇 + 𝑖𝑖𝐴𝐴𝜇𝜇 + 𝑖𝑖𝑎𝑎𝜇𝜇    

Replace 𝜹𝜹𝑨𝑨𝝁𝝁 → 𝜹𝜹𝑨𝑨𝝁𝝁 + 𝟐𝟐𝟐𝟐+ 𝟏𝟏
𝟐𝟐

 𝝎𝝎𝝁𝝁 and obtain  



Again, CB theory 2. 

Comments : successfully derived Hall viscosity & Wen-Zee terms!  

(1) It can be generalized to any multicomponent FQH state 
 
   = the complete field theoretic understanding of abelian top. phases 

(2) Short-ranged density-density interaction is subleading to CS terms  
      
    and does not affect the Wen-Zee term & Hall viscosity    

(3) Gravitational Chern-Simons term ?  

 whose coefficient `c’ is the central charge, e.g., c= 1 for Laughlin states.  

𝑳𝑳 =  −𝒄𝒄
𝝐𝝐𝝁𝝁𝝂𝝂𝝀𝝀

𝟒𝟒𝟒𝟒 𝟐𝟐
 𝝎𝝎𝝁𝝁𝝏𝝏𝝂𝝂𝝎𝝎𝝀𝝀 



Gravitational CS term 

𝐿𝐿𝑒𝑒𝑒𝑒𝑒𝑒,1 = 𝛿𝛿𝐴𝐴0 �̅�𝜌 +
2𝑝𝑝 + 1

2
 𝜔𝜔0 �̅�𝜌 +

𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇

4𝜋𝜋 (2𝑝𝑝 + 1)
 𝛿𝛿𝐴𝐴𝜇𝜇 +

2𝑝𝑝 + 1
2

 𝜔𝜔𝜇𝜇 𝜕𝜕𝜈𝜈 𝛿𝛿𝐴𝐴𝜇𝜇 +
2𝑝𝑝 + 1

2
𝜔𝜔𝜇𝜇   

We further integrate out the hydrodynamic field 𝒃𝒃𝝁𝝁 (ref. Gromov-Abanov 2014) 

𝛿𝛿𝐿𝐿
𝛿𝛿𝑏𝑏𝜇𝜇

= 0 , or  𝑏𝑏𝜇𝜇 =
1

2𝑝𝑝 + 1 
 𝛿𝛿𝐴𝐴𝜇𝜇 +

1
2
𝜔𝜔𝜇𝜇 

No gravitational CS term?  

We need to take ``frame anomaly” into consideration 

𝑍𝑍 𝜔𝜔𝜇𝜇 = �𝑖𝑖𝑏𝑏𝜇𝜇𝑖𝑖𝐷𝐷 exp −𝑖𝑖
𝑘𝑘
4𝜋𝜋

 �𝑏𝑏𝜇𝜇𝜕𝜕𝜈𝜈𝑏𝑏𝜇𝜇  𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇 + �𝐷𝐷𝑖𝑖𝜇𝜇𝑏𝑏𝜇𝜇 ∝ exp −𝑖𝑖
𝑠𝑠𝑔𝑔𝑛𝑛 𝑘𝑘
48𝜋𝜋

�𝜔𝜔𝜇𝜇𝜕𝜕𝜈𝜈𝜔𝜔𝜇𝜇  

Gauge fixing 

𝐿𝐿𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐿𝐿𝑒𝑒𝑒𝑒𝑒𝑒,1 − 𝑖𝑖
𝑠𝑠𝑔𝑔𝑛𝑛 𝑘𝑘
48𝜋𝜋

�𝜔𝜔𝜇𝜇𝜕𝜕𝜈𝜈𝜔𝜔𝜇𝜇 
So, the correct final effective action is..   

i.e., c= 1 

Ref. Witten (1989), Bar-Natan and Witten (1991) 



In fact, one can show that  
 

Composite fermion theory  
 

also successfully reproduces  
 

Geometric Responses with  
 

the covariant derivatives !  



Conclusion 
1. Naïve approach of composite particle theories fails to reproduce  
 
   the Hall viscosity and the Wen-Zee terms.  

2. We revisit flux attachment and Chern-Simons theory in curved space 

Thus it fails to reproduce the spin 𝑆𝑆𝐼𝐼 in the hydrodynamic description  
 
of FQH fluids  

The composite particles couple to the spin connection of the space  
 
with the strength dictated by topological “induced” spin 

3. With this prescription, we can use the composite particle theories   
 
   to derive the geometric responses and obtain the spin vector 𝑆𝑆𝐼𝐼   

4. Frame anomaly should be included to find the correct central charge 
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4. Projective Parton Approaches 



Projective Parton Approaches 1.  
Motivation :   
 
FQH states of electron ≈ IQH states of fractional partons with ``glue” (gauge field) 

Electron 𝚿𝚿𝒆𝒆 = 𝒇𝒇𝟏𝟏𝒇𝒇𝟐𝟐𝒇𝒇𝟑𝟑 

f1 

≈ f2 f3 

f1 

f2 

f3 

Partons  
 
interacting with (internal) gauge fields 

Good descriptions  
 
if the gauge fields are deconfining! 

Ref. Wen, PRB, 60, 8827, (1999)  
      Barkeshli and Wen, PRB, 81, 155302. (2010) 



Projective Parton Approaches 2.  
Ex. Laughlin State at 𝜈𝜈 = 1

2
 , a boson 𝑏𝑏(𝑧𝑧) of EM charge 1 at filling 1

2
  

 
Now we fractionalize a boson into the two fermions  

Constraint:                              and each parton carries EM charge 1
2
   

To impose the constraint, introduce partons with a U(1) gauge field 𝑎𝑎𝜇𝜇 such that  
 
Under 𝑎𝑎𝜇𝜇 → 𝑎𝑎𝜇𝜇 + 𝜕𝜕𝜇𝜇 𝜃𝜃 , 𝜓𝜓1 → 𝜓𝜓1 𝑒𝑒𝑖𝑖 𝜃𝜃 and 𝜓𝜓2 → 𝜓𝜓2 𝑒𝑒−𝑖𝑖𝜃𝜃 leaves 𝑏𝑏 → 𝑏𝑏  
 

 (i.e., 𝜓𝜓𝑖𝑖 is charged ±1 under 𝑎𝑎𝜇𝜇)  

Write out the mean-field Lagrangian for the fermionic partons 

with 

𝜓𝜓𝑖𝑖 is in 𝜈𝜈 = 1 IQH state!  
Ref. Wen, PRB, 60, 8827, (1999)  
      Barkeshli and Wen, PRB, 81, 155302. (2010) 



Projective Parton Approaches 3.  

with 

Assumption: 1. the parton sees the same metric as the electron 
                  2. Partons have no internal spin,  
                                            i.e., no minimal coupling to the spin connection 

Partons are at the filling 𝜈𝜈 = 1 and can be integrated out explicitly 

In fact, effective theory of the electron at 𝜈𝜈 = 1 can be explicitly obtained :  

𝐿𝐿 = 𝜌𝜌 �𝛿𝛿𝐴𝐴𝑡𝑡 +
1
2
�̅�𝜌 𝜔𝜔𝑡𝑡 +

1
4𝜋𝜋

 𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇  𝛿𝛿𝐴𝐴𝜇𝜇 +
1
2

 𝜔𝜔𝜇𝜇 𝜕𝜕𝜈𝜈 𝛿𝛿𝐴𝐴𝜇𝜇 +
1
2

 𝜔𝜔𝜇𝜇  −
1
48𝜋𝜋

𝜖𝜖𝜇𝜇𝜈𝜈𝜇𝜇𝜔𝜔𝜇𝜇𝜕𝜕𝜈𝜈𝜔𝜔𝜇𝜇 

We simply replace : 𝛿𝛿𝐴𝐴𝜇𝜇 →
1
2
𝛿𝛿𝐴𝐴𝜇𝜇 ± 𝑎𝑎𝜇𝜇 to find effective theory  

 
from integrating out the partons at filling 𝜈𝜈 = 1 

Ref. Cho, You, and Fradkin (2014) 



Projective Parton Approaches 4.  
Integrating out partons :  

Use :  

Now integrating out the internal gauge field 𝑎𝑎𝜇𝜇  

Frame anomaly !  

Compared with :  

Generated correct �̅�𝑠 = 1,𝜎𝜎𝐻𝐻 = 1
2
 and 𝑐𝑐 = 1 for the Laughlin state! 

Ref. Cho, You, and Fradkin (2014), Gromov, Cho, You, Abanov, and Fradkin (2014) 



Conclusion 

1. Projective parton method successfully recovered all the geometric responses 

2. Key assumption is, the parton sees the same metric as the original electron  

It can be extended to any state with parton constructions, including  
 
Non-abelian states, e.g., parafermion states, and pfaffian states 

3. Frame anomaly is essential to find the correct central charge `c’ 



Thanks! 
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